Goodey and Weil have recently introduced the notions of translation mixtures of convex bodies and of mixed convex bodies. By a new approach, a simpler proof for the existence of the mixed polytopes is given, and explicit formulae for their vertices and edges are obtained. Moreover, the theory of mixed bodies is extended to more than two convex bodies. The paper concludes with the proof of an inclusion inequality for translation mixtures of convex bodies, where the extremal case characterizes simplices.
Introduction
In recent years, there has been increasing interest in extending parts of the classical integral geometry of the motion group in Euclidean spaces to the group of translations (see [2] , [3] , [5] , [6] , [10] , [12] , [13] , [14] , [15] , [16] , [17] ). This was partially motivated by possible applications to the stochastic geometry of homogeneous random geometric structures. At the same time, the scope of functionals for which integral-geometric intersection formulae can be obtained has been widened considerably. An example is the recent work of Weil [16] and Goodey and Weil [3] on translative integral geometry of support functions, by which the present paper was inspired. For convex bodies K, M in Euclidean space R n and for the centred support function h * (the support function with respect to the Steiner point), Weil [16] has proved the formula
Of the facts proved in [16] about these functions, we mention only their explicit representation in the case of polytopes that is given by the case k = 2 of (9) below. It is clear that the left-hand side of (1) defines the support function of a convex body. This body is denoted by T (K, M ) and called the translation mixture of K and M . In [3] , Goodey and Weil were able to prove that the functions h * j (K, M, ·) are also support functions. Hence, for the translation mixture T (K, M ) there is a polynomial expansion
for λ, µ ≥ 0, with convex bodies T j (K, M ), called mixed bodies of K and M . This reminds one of the fact that the integral analogous to (1) given by
where χ denotes the Euler characteristic, also has a polynomial expansion, namely
yielding the mixed volumes of two convex bodies and thus leading into a very rich theory. It is hoped that a further development of the theory of mixed bodies will reveal some similarly interesting features. When talking in the following of mixed polytopes, it should be noted that objects with this name have already appeared in the literature, see McMullen [4] , p. 953. As the latter are not polytopes, but elements of the polytope algebra, there is no danger of confusion.
In the present paper, we first point out the analogy of the translation mixtures of polytopes with the fibre polytopes introduced by Billera and Sturmfels [1] . Our main aim then is the treatment of mixed polytopes by a new approach, in part using ideas from [9] . This not only allows us to give a simpler proof for the fact that the functions h * j (K, M, ·) are support functions, but also permits an easy extension to translation mixtures of more than two convex polytopes. For polytopes P 1 , . . . , P k (k ≥ 2) and for λ 1 , . . . , λ k ≥ 0 there is an expansion ; in particular, we give explicit formulae for their vertices and determine their edges.
We restrict ourselves here to polytopes and refer to [16] , [3] for the continuity and approximation arguments that permit an extension of the expansions from polytopes to general convex bodies.
In Section 6 we prove a general inclusion inequality for translation mixtures of convex bodies. A special case says that the body T (K, K) contains a homothet of K with homothety factor (n + 1)
The equality case characterizes simplices.
Polytope bundles
First we wish to point out the analogy of the integral (1) to the definition of the fibre polytopes as introduced by Billera and Sturmfels [1] . The convex body T (K, M ) with support function (1) is a translate of the convex bodyT (K, M ) with support function
where h is the ordinary support function. Now let K, M be polytopes, and let
then B is a polytope bundle in the sense of Billera and Sturmfels [1] , andT (K, M ) = Q B is the Minkowski integral of this polytope bundle. In contrast to this, Billera and Sturmfels considered projections π : P → Q between polytopes P and Q and defined the fibre polytope of P over Q, up to a normalization, as the Minkowski integral Q B, where B x = π −1 (x). Thus, the Billera-Sturmfels construction averages the intersections of a polytope with the translates of a subspace, whereas the Goodey-Weil construction averages the intersections of a polytope with the translates of a second polytope.
Some of the observations from [1] apply also to the present case. Let P 1 , . . . , P k ⊂ R n be polytopes (k ≥ 2). Define
Then B is a polytope bundle over the base polytope Q. Its Minkowski integral, Q B =: T (P 1 , . . . , P k ), is the convex body with support function given by
Consider the polyhedral subdivision of Q defined as the common refinement of all the images of faces of P 1 × · · · × P k under the linear map f . The polytope bundle B is piecewise linear (see [1] for the definition) with respect to this subdivision. 
Preliminaries
For the further investigation, we first collect some notation. We work in n-dimensional real Euclidean vector space R n (n ≥ 3), with scalar product ·, · and induced norm · . Lebesgue measure on R n is denoted by λ n , and spherical Lebesgue measure on the unit sphere
is the volume of the n-dimensional unit ball. For an m-dimensional convex body K in R n , we denote by V m (K) its m-dimensional volume and by
its moment vector (see [8] , p. 303; generally, we refer to [8] for terminology or notions from the theory of convex bodies that are not explained here). For a polyhedral set P (a nonempty intersection of finitely many closed halfspaces in R n ) and a face F of P , the normal cone of P at F is denoted by N (P, F ) and the (normalized) exterior angle of P at F by γ(F, P ). If P 1 , . . . , P k are polyhedral sets and F i is a face of P i for i = 1, . . . , k, then the common exterior angle γ(
where x i ∈ relint F i for i = 1, . . . , k (the definition does not depend on the choice of the x i ). The corresponding normal cones satisfy
(see [8] , especially Sections 2.2 and 2.4).
Particular polyhedral sets which will play an essential role are the halfspaces
where u ∈ S n−1 and t ∈ R. The face 
For a polyhedral set P ⊂ R n and for i = 0, . . . , n, we denote by F i (P ) the set of i-dimensional faces of P . A 0-dimensional face is of the form {e}, where e is a vertex of P . In this case, we de not distinguish between {e} and e, so that F 0 (P ) denotes also the set of vertices of P .
If P is a polytope (a compact polyhedral set), then
where χ denotes the Euler characteristic (χ(K) = 1 for a nonempty convex body K, and χ(∅) = 0). The sum
gives the Steiner point s(P ) of P , which for a convex body K can also be represented by
(see [8] , pp. 42 and 305). Here,
, is the support function of the translate of K with Steiner point at the origin, thus
We recall (e.g., from [17] ) the definition of the determinant of subspaces. Let 
. , k).
Finally, 1 always denotes an indicator function. We use it in both versions: 1 A (x) = 1 if x is in the set A, or 1{E} = 1 if E is true, and = 0 otherwise in either case.
Integral geometry of support functions
In the following, P, P 1 , . . . , P k are n-dimensional convex polytopes in R n . Unless stated otherwise, u ∈ S n−1 is a given unit vector.
We start with the formula
due to Weil [16] (Corollary 2), for which we give a new and more direct proof. If α ∈ R is a number satisfying
Now, using (3),
By (3) and (4), the first summand is equal to s(P ), u − α, hence (6) follows.
The following proposition extends (1) in the case of polytopes.
This follows from a more general result of Weil [13] . In fact, relation (6) can be written in the form h
where β(u) ⊂ u ⊥ is a Borel set with (n − 1)-dimensional Lebesgue measure equal to 1. Here Φ (0) 1,n−1 is a mixed measure, see Definition (2) in [13] . Proposition 4.1 is now obtained by repeated applications of Corollary 3.5 in [13] . A short direct proof can also be given along the lines of the proof of Theorem 3.1 in [13] , where the assumption of general position is not necessary. Theorem 4.2 to be proved below is more general than Proposition 4.1.
Once relation (8) has been proved, it is easy to see that each of the functions
This follows after multiplying (8) (evaluated at u) by u, integrating over all u ∈ S n−1 with respect to σ n−1 , and applying Fubini's theorem. Since h * (K, ·) is centred for every convex body K, this gives
and since the summands have different degrees of homogeneity in P 1 , . . . , P k , each of them must vanish. In (1), the right-hand side was written in a particular form. To obtain this, we note that (9) and (6) give
We turn now to the main part of this investigation, a class of representations for the functions h * m 1 ,...,m k , which are new even for k = 2. They will, in particular, be useful in giving a simple proof of the fact that these functions are support functions.
We employ a special representation of the integral
which was obtained in [9] .
Admissibility implies the condition on w as formulated in [9] , Theorem 2. That theorem
If w is admissible for (P 1 , . . . , P k ), then Theorem 2 of [9] gives
Now we consider, first, the ordinary support function. Let polytopes P 1 , . . . , P k ⊂ R n and a unit vector u ∈ S n−1 be given. We want to apply (11) with P k replaced by any nonempty intersection
If w is admissible for (
is not empty. The vectors not admissible for (P 1 , . . . , P k , u) are contained in the union of finitely many proper linear subspaces of R n . Let w be admissible for ( (7) and (11) (and recalling that h(∅, u) = 0), we get
The m k -faces F k of P k ∩ H + u,t (to the extent that they are relevant for the integration) are of two types, either
Therefore, we have
where
and
For the computation of I 1 (m 1 , . . . , m k , F 1 , . . . , F k−1 , F ) , we need only consider those numbers t ∈ R for which dim (F ∩ H + u,t ) = m k . For these t, we have
with the moment vector z m k +1 (F ) as defined by (2) . Thus, we obtain
with the help of (11) .
For the computation of
, we need only consider those numbers t ∈ R for which dim (F ∩ H u,t ) = m k . For these t, we have
(see Proposition 2.1 in [17] ). Thus, we get
We have obtained the following result.
and the vector w is admissible for
We want to show that Theorem 4.2 is a more general result than Proposition 4.1, in so far as the latter can be derived from (12) by integration. For this, we need a translative intersection formula for the Steiner point.
Theorem. For polytopes
, the Steiner point satisfies the translative formula
This result can be deduced from the translative integral formula for curvature measures ( [13] , Theorem 3.1 and (2)), since the Steiner point can be represented by the moment vector of the Gaussian curvature measure. For the reader's convenience, we give the short proof of this special case. Using (4), we get
For F 1 ∈ F m 1 (P 1 ), . . . , F k ∈ F m k (P k ) in general relative position, an appropriate splitting of the integration gives
which completes the proof.
Formula (12) holds for all vectors w ∈ S
n−1 with the exception of those in a set of spherical Lebesgue measure zero. We integrate (12) over all w with respect to the normalized spherical Lebesgue measure. On the right-hand side, the first multiple sum (where we rename m k as m k + 1) gives a contribution
by (13), (14) . The second multiple sum gives
where the latter functions are defined by (9) . By (5), Proposition 4.1 follows.
The advantage of Theorem 4.2 over Proposition 4.1 lies in its greater flexibility, due to the fact that the admissible vector w is at our disposal. In particular, this enables us to give a short proof for the fact that the functions h * m 1 ,...,m k (P 1 , . . . , P k ; ·) are support functions. For k = 2, this was proved by Goodey and Weil [3] , in a less direct way. By (5), the integrals (8) and (12) differ only by a linear function. Comparing components of equal degrees of homogeneity in P 1 , . . . , P k , we deduce from 4.1 and 4.2 (observing that the first multiple sum on the right-hand side of (12) is linear in u) that
is a certain vector, an explicit representation of which is given by (21) below, but is not needed in the present proof. The factor u on the right-hand side of (15) 
where the set {e 1 , . . . , e n−1 } is composed of orthonormal bases of L(
Being the absolute value of a linear function, the function f F 1 ,...,F k is convex.
Let u ∈ R n \ {0}. Let w ∈ R n be admissible for (P 1 , . . . , P k , u), thus
The right-hand sides of (17) and (18) make up a set of finitely many closed convex cones, say C 1 (u), . . . , C m (u) (though not all of them depend on u), of dimensions less than n.
. Then w is admissible for (P 1 , . . . , P k , u 0 ). Each cone (18) depends continuously on u. Hence, there is a convex neighbourhood U of u 0 in R n \ {0} such that, for all u ∈ U , we have w / ∈ m r=1 C r (u), which means that w is admissible for (P 1 , . . . , P k , u) . Thus, the representation (15) holds for all u ∈ U with the same vector w.
Let
is constant on U , since the boundary of the cone T m 1 ,...,m k (P 1 , . . . , P k ) . By Theorem 4.1, T m 1 ,...,m k (P 1 , . . . , P k ) is a summand of the translation mixture T (P 1 , . . . , P k ), which by Section 2 is a polytope. Hence, the body T m 1 ,...,m k (P 1 , . . . , P k ) is itself a polytope.
Vertices and edges of mixed polytopes
Goodey and Weil [3] have determined the first surface area measures of the mixed polytopes T m 1 ,m 2 (P 1 , P 2 ). We extend their result to k ≥ 2 polytopes, with a more direct proof, which in addition provides explicit representations for the vertices of
Let w ∈ R n be admissible for (P 1 , . . . , P k ). Let A w be the union of the linear hulls 
Here
with suitable r ∈ {1, . . . , k} and F r ∈ F mr−1 (P r ), contradicting the assumption that w is admissible for (P 1 , . . . , P k ). Thus (19) implies
a contradiction. This shows that w is admissible for (P 1 , . . . , P k , u). Therefore, (15) holds for all u ∈ A c w . Let C 1 , . . . , C p be the convex cones
. . , p, since w is admissible for (P 1 , . . . , P k ). Therefore, we can choose an n-dimensional closed convex cone Z ⊂ R n with w ∈ int Z and such that
Any cone C i can be separated from Z by a hyperplane through 0. Since w ∈ int Z, it follows that w / ∈ C i + pos {−u}. Therefore, (15) gives (5) and (15) . In this way, we get the following result. 
We remark that integration of (21) over w ∈ S n−1 with respect to the normalized spherical Lebesgue measure gives s (T m 1 ,. ..,m k (P 1 , . . . , P k )) = 0; this is already known from (10). 
Assumption
Then (15) holds for u . The same argument as used in the proof of 5.1 shows that w / ∈ C r + pos {−u } for r = 2, . . . , p. On the other hand, the segment with endpoints w and u meets C 1 , hence w ∈ C 1 + pos {−u }. Therefore, (15) gives
where If e 1 , . . . , e n−1 have the same meaning as in (16) , then (vector product) . This vector is orthogonal to N . The scalar product y F 1 ,...,F k , u does not vanish in int Z j , hence we may assume that
that N is the normal cone of the edge of T m 1 ,...,m k (P 1 , . . . , P k ) connecting v i and v j , and that this edge has length
We collect this information on the edges of T m 1 ,...,m k (P 1 , . . . , P k ), which for k = 2 was essentially first obtained in [3] . 
and these are all the edges of T m 1 ,...,m k (P 1 , . . . , P k ).
An extremal property of simplices
As carried out in [16] , [3] for k = 2, the expansion (8) extends to general convex bodies, by approximation and continuity. Hence, for convex bodies
The translation mixture T (K, K) of a convex body K with itself can be compared to K: there is a vector t such that the inclusion
holds; here DK = K − K is the difference body of K. Equality in (22) holds if and only if K is a simplex. The inclusion (22) is a special case of the following more general result. For convex bodies The proof will be obtained by a modification of the proof of the difference body inequality, as reproduced in [8] , Section 7.3, and extended in [7] . Let convex bodies K 1 , . . . , K k be given. We abbreviate D(K 1 , . . . , K k ) by D and define
As in [7] , p. 269, one shows that
for X 
Since Y X ∈ D, the intersection K(Y X ) is a nonempty convex body (with empty interior, since Y X ∈ bd D); let s(X) be its Steiner point. Let u ∈ R n be a given vector.Then (25) gives
and thus
where dX indicates integration with respect to the (k − 1)n-dimensional Lebesgue measure in (R n ) k−1 . The last integral is of the form z, u with a vector z ∈ R n independent of u. Since u ∈ R n was arbitrary and T (K 1 , . . . , K k ) is a translate of T (K 1 , . . . , K k ), we deduce that there is a vector t so that (x 1 , 0, . . . , 0) shows that (K + x 1 ) ∩ L, if n-dimensional, is homothetic to M . Now it follows from a result of Soltan [11] that K, L, M are homothetic simplices. In a similar way, one obtains that K 1 , . . . , K k are all homothetic to the simplex K(O). Suppose that one of the homothetic simplices K 1 , . . . , K k , say K 1 , is not identical to their intersection K(O). Then X = (x 1 , 0, . . . , 0) = O can be chosen so that K(X) ⊇ K(O), contradicting the fact that K(X) must be homothetic to K(O) with homothety factor less than 1. Hence, K 1 , . . . , K k all coincide with the same simplex.
